Abstract. Any Calderón-Zygmund operator T is pointwise dominated by a convergent sum of positive dyadic operators. We give an elementary selfcontained proof of this fact, which is simpler than the probabilistic arguments used for all previous results in this direction. Our argument also applies to the q-variation of certain Calderón-Zygmund operators, a stronger nonlinearity than the maximal truncations. As an application, we obtain new sharp weighted inequalities.
Introduction
The following sharp weighted inequality for Calderón-Zygmund operators, known as the A 2 theorem, was proved by the first author [3] in full generality after many intermediate results by others:
(1.1)
After the first proof, several modifications, simplifications and extensions have appeared. However, all of them have been based on the "dyadic representation theorem" from [3] , namely, the probabilistic formula
2 − max{m,n}α/2 g, S ω m,n f dP(ω), (1.2) where T is written as an average of the dyadic shifts S ω m,n with respect to random dyadic systems D ω parameterized by a probability space Ω. The proof of this representation is an elaboration of the proof of the T (1) theorem of David-Journé, or more precisely, of the non-homogeneous version of Nazarov-Treil-Volberg [8] .
In this paper, we provide a simpler, non-probabilistic dyadic representation. Strictly speaking, the representation with an exact identity as above is now replaced with a domination, which gives an upper bound for T f in terms of a series of dyadic shifts. We still need more than one dyadic system, but only a finite collection (in fact, 3 d ) of them suffices. And the proof only uses the kernel bounds in a rather standard way, as well as the weak (1, 1) bounds for T as a black box, rather than going through the full machinery of the T (1) theorem, which in effect reproves the boundedness of T as a by-product. This has the advantage that the new approach extends more flexibly to other kinds of operators for which unweighted weak (1, 1) bounds are known. In particular, for the first time, we extend (1.1) to the qvariation operator V φ q T , defined by
where T φ ǫ is a smooth truncation of a (suitable) Calderón-Zygmund operator T , and the supremum is over all increasing sequences of positive numbers. Unweighted norm inequalities for these operators have been studied by Campbell et al. [1, 2] , among others.
For future considerations, another advantage of the new dyadic domination theorem is that it can also be used to derive estimates for T from the estimates for dyadic shifts in quasi-normed spaces like L 1,∞ : We only have a finite summation over 3 d different dyadic systems, which is also well-behaved with respect to the quasi-triangle inequality, unlike the integration over a probability space in the dyadic representation theorem (1.2).
In the next two sections, we prove the new dyadic domination theorem for maximal truncations of Calderón-Zygmund operators and the q-variation of a class of Calderón-Zygmund operators, respectively. Corollaries on weighted norm inequalities are presented in the final section.
Let us notice that another "dyadic domination theorem", closely related to ours, was almost simultaneously brought out by Lerner [6] . There is, however, an important difference: Lerner's result is derived as a corollary to the dyadic representation theorem (1.2) and some non-trivial subsequent developments, whereas our proof is essentially self-contained and provides an alternative to (1.2). This new approach also applies to the stronger variation operators (1.3). See, however, Lerner's paper [6] for some different applications.
The dyadic domination theorem for maximal truncations
Let T be an ω-Calderón-Zygmund operator with kernel K having the standard size estimate
and the modulus of continuity ω:
2 ) c , and χ := 1 B(0,1) c the sharp cut-off. Then
Note that K φ ǫ is also an ω-Calderón-Zygmund kernel, uniformly in ǫ > 0. Finally, we define the truncated operators
2.1. Theorem. Let T be an ω-Calderón-Zygmund operator, where the modulus of continuity satisfies the Dini condition
Let Q 0 be a cube which contains the support of f . Then we have the pointwise bound
where S u k is a positive dyadic shift of complexity k with respect to the dyadic system
The dyadic shifts depend upon the choice of Q 0 and f .
The fact that (the maximal truncation of) a Calderón-Zygmund operator is dominated by the maximal operators and positive dyadic shifts was already observed by Hytönen-Lacey [4] and elaborated by Lerner [6] . However, their arguments used the random dyadic systems, and were derived from the (non-positive) dyadic representation theorem of [3] . Here we give a more efficient direct argument. The rest of this section is concerned with the proof of Theorem 2.1.
We first recall the well-known fact that
, and hence it suffices to prove the result for T φ * in place of T * . We use Lerner's formula [7] :
where, denoting by g * the non-increasing rearrangement of a measurable g,
and L is a collection of dyadic subcubes of Q 0 with the property that
for all Q ∈ L.
2.4.
Lemma.
Proof. For x ∈ Q, we have
, and
and thus
where finally
by the weak-type (1, 1) inequality for T φ * .
In particular
Next, we need to identify each
as a sum of 3 d dyadic shifts acting on |f |. The following lemma is well-known for k = 0. The version below essentially repeats the same argument.
Lemma. For any cube Q, we can find a shifted dyadic cube
Proof. Let Q = I 1 ×· · ·×I d and 2
by the properties of dyadic intervals. Hence, the dyadic cube
Thus we can split L into 3
, and 3ℓ(Q) < ℓ(R) ≤ 6ℓ(Q). Since both side-lengths ℓ(Q) and ℓ(R) are powers of 2, we have in fact ℓ(R) = 4ℓ(Q). Observe that a given R ∈ D u has at most 4 d different preimages Q ∈ L under ρ u , as their side-length is determined by R, they are all contained in R, and pairwise disjoint.
Hence, writing L *
in particular, it is a bounded positive dyadic shift.
where we used the pairwise disjointness of the sets E(Q), Q ∈ L, and the boundedness of the maximal operator.
Up to this point, we have seen the following:
It only remains to observe that the median m T φ * f (Q 0 ) satisfies
provided that supp f ⊆ Q 0 . This completes the proof of Theorem 2.1.
The dyadic domination theorem for variation operators
As before, let T 
In place of the supremum norm, we now consider the stronger variational norms
, where the supremum is over all increasing sequences {ǫ i } i∈Z of positive numbers. We define the smooth q-variation operator of T as
For certain classes of Calderón-Zygmund operators, norm inequalities for the non-linear operator V φ q T , for q > 2, are known in the literature; see Remark 3.3 for details. In the following result, we take one such estimate as a black-box assumption.
3.1. Theorem. Let T be an ω-Calderón-Zygmund operator, where the modulus of continuity ω satisfies the Dini condition (2.2), and the smooth q-variation of T satisfies the weak (1, 1) estimate:
3.3.
Remark. The weak-type bound for the sharp q-variation of T , 
where the last-mentioned Hörmander condition is a consequence of the Dini condition that we have imposed in any case. A particular case is the classical Hilbert transform [1] . The estimate (3.4) implies (3.2) when φ is a smooth radial cut-off.
Proof of the last remark. We identify φ(x) = φ(|x|) as a function on R + . Then
Since {y ǫt } ǫ>0 V q = {y ǫ } ǫ>0 Vq , it follows that
We turn to the proof of Theorem 3.1 and use again Lerner's formula [7] :
Once we prove the following lemma, the rest of the proof proceeds exactly as the proof of Theorem 2.1:
and
For any u = {u ǫ } ǫ>0 , we have
We apply this to u = K φ (x, y) − K φ (c Q , y):
and hence
as well as
we deduce that
It follows that
by the assumption that V φ q T satisfies a weak (1, 1) inequality.
Consequences for weighted norm inequalities
It is clear that the two dyadic domination theorems can be used as a general machine to transfer results about dyadic shifts into results about (the maximal truncation or q-variation of) Calderón-Zygmund operators. We present just a couple of examples of this phenomenon for illustration.
We recall two recent results:
Proposition ([4], Propositions 3.2 and 5.3)
. Let S be a positive dyadic shift of complexity k. Then
In combination with Theorem 2.1, we get the following corollary. It is essentially known, but we obtain it for a slightly bigger class of Calderón-Zygmund kernels with a rather general modulus of continuity. Then for all w, σ ∈ A ∞ and p ∈ (1, ∞), we have
and in particular
Proof. By Theorem 2.1, we have
It suffices to apply Proposition 4.1 to M and Proposition 4.2 to each S u k , and to observe that
Finally, we let Q 0 ↑ R d , and use monotone convergence.
The following corollary to Theorem 3.1 is completely new, and extends the sharp weighted estimates to the q-variation of singular integrals for the first time.
4.5. Corollary. Let T be an ω-Calderón-Zygmund operator, where the modulus of continuity satisfies (4.4) , and suppose that the smooth q-variation of T satisfies the weak (1, 1) bound (3.2) . Then for all w, σ ∈ A ∞ and p ∈ (1, ∞), we have Proof. Repeat the proof of Corollary 4.3 with obvious changes.
